Published by Institute of Physics Publishing for SISSA Received: April 21, 2005 Accepted: May 16, 2005 Published: June 16, 2005

Regge trajectories for mesons in the holographic dual of large-N_c QCD

Martín Kruczenski,^a Leopoldo A. Pando Zayas,^b Jacob Sonnenschein^c and Diana Vaman^{bd}

aDepartment of Physics, Brandeis University Waltham, MA 02454, U.S.A.

bMichigan Center for Theoretical Physics, The University of Michigan Ann Arbor, MI 48109-1120, U.S.A. cSchool of Physics and Astronomy Beverly and Raymond Sackler Faculty of Exact Sciences, Tel Aviv University Ramat Aviv, 69978, Israel dDepartment of Physics, Princeton University Princeton, NJ 08544, U.S.A.

E-mail: martink@brandeis.edu, lpandoz@umich.edu, cobi@post.tau.ac.il,

dvaman@feynman.princeton.edu

Abstract: We discuss Regge trajectories of dynamical mesons in large-N_c QCD, using the supergravity background describing N_c D4-branes compactified on a thermal circle. The flavor degrees of freedom arise from the addition of N_f ≪ N_c D6 probe branes. Our work provides a string theoretical derivation, via the gauge/string correspondence, of a phenomenological model describing the meson as rotating point-like massive particles connected by a flux string. The massive endpoints induce nonlinearities for the Regge trajectory. For light quarks the Regge trajectories of mesons are essentially linear. For massive quarks our trajectories qualitatively capture the nonlinearity detected in lattice calculations.

Keywords: AdS-CFT and dS-CFT Correspondence.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep062005046/jhep062005046.pdf

Contents

1. Introduction and summary 1

2. Spinning open strings in confining backgrounds: General setup 3

3. A toy model of the meson 4

4. The meson as a rotating string 7

5. Regge phenomenology 13

1. Introduction and summary

The Regge trajectories of mesons were among the first indications that mesons admit a stringy behavior. Indeed, a very elementary treatment of a classical spinning open bosonic string in flat space time yields a simple relation between the angular momentum and energy, J = α^′E^2, which is a Regge trajectory. Quantum corrections of the classical bosonic string configuration add an intercept to the trajectory, namely J = α^′E^2 +^{(d−2)π}_{12} + O(E^{−2} ).

In the modern era of the gauge/gravity holographic duality one wonders whether a similar behavior characterizes the classical spinning string in supergravity backgrounds that are duals of confining gauge theories. In [1] folded closed spinning strings were analyzed in the context of the KS and MN backgrounds. It was found that classically these configurations indeed admit a linear Regge behavior J = α^′_{eff} E^2 where α^′_{eff} =^{α ′}_{g00(Û)} and where Û denotes the location of the spinning string along the radial direction. Interestingly, it was found that the quantum corrected trajectory is different than that of the bosonic string in flat space time, it takes the form J = α^′_{eff} E^2 + α_0 + βE where α_0 is not a pure number but rather depends on the parameters of the background, and so is β. These configurations map into the Regge trajectories of glueballs in the dual gauge theory. Glueball Regge trajectories with nonvanishing intercept were also found in lattice YM calculations [2].

There are several models of supergravity backgrounds holographically dual to confining gauge theories. In this paper we will make use of the one associated with the near extremal N_c D4 branes [3]. By imposing anti-periodic boundary conditions along the thermal circle for the fermions, the background corresponds to the low energy regime of the pure YM theory in four dimensions. The stringy Wilson loop in this background was computed in [4] using the methods of [5]. Whereas the Regge behavior of glueballs can be addressed in this model [6], mesonic spinning strings cannot be described in this framework since its dual theory does not include quarks in the fundamental representations. Flavor fundamental quarks and anti-quarks can be invoked in supergravity backgrounds by introducing flavor

– 1 – probe branes [7]. Probe D7 branes were incorporated in models based on D3 branes in [8 – 11]. Similar consideration of flavor can be found in [12]. The idea behind some these papers has been to extract the mesonic spectrum from the fluctuations of the fields, like pseudo scalars and vectors, on the flavor probe branes. This, obviously, cannot be done in supergravity for states with spin higher than two. To describe the Regge trajectories associated with high spins, one is naturally forced to redo the “old” calculations of spinning strings, but now not in the context of the bosonic string in 4d but rather in the context of the supergravity confining backgrounds that include probe branes. Concretely we followed in this work the proposal of [10] of adding D6 probe branes to the background of the near extremal N_c D4 branes.

By analyzing the conditions of having non trivial spinning strings, we show that the conditions of having spinning strings at a constant radial coordinate, resembles the conditions of having an area law Wilson line [13] and that it can occur only along the “ wall of space” in the radial direction.

An interesting result of our analysis is the fact that the solution of the spinning strings is very closely related to a toy model of a string with two masses attached to its endpoints, which spins in flat space-time. This simple model was extensively considered in the 70’s by, for example, [14, 15] and it has been reviewed in the book [16] where further references can be found. More importantly, this model which is also referred to as the mass-loaded generalization of the Chew-Frautschi formula, is an essential tool in the extremely successful approach to meson and hadron spectroscopy developed recently by Wilczek [17].

We describe the toy model and solve it prior to performing the stringy calculations. The main outcome of this paper is that the classical spinning strings with endpoints on the probe branes, admit Regge trajectories which get corrections due the “masses of the quarks” E = 2T_g ω ( arcsin x + 1 x √ 1 − x^2 ) , J =

T_g ω^2 ( arcsin x + 3 2 x √ 1 − x^2 ) , (1.1)

where x is the speed of the endpoints of the strings and the mass of the quarks is m_q = T_g(1−x^2)/(ωx). The Regge regime requires relativistic motion of the string, that is, x → 1. The massive endpoints induce nonlinearities for the Regge trajectory. For light quarks the Regge trajectories of mesons are essentially linear. For massive quarks our trajectories qualitatively capture the nonlinearity detected in lattice calculations. In particular, the slope for the lowest states within the Regge trajectories of heavy-quark mesons is flavor dependent, while for the highest states the slope is universal. We explain the universality of the second slope in terms of generic properties of confining holographic backgrounds.

The organization of the paper is as follows. In section 2 we describe the general setup of spinning strings in confining backgrounds. Section 3 is devoted to reviewing a toy model consisting of two massive relativistic particles attached to the ends of a spinning string. The energy and angular momentum of the system are computed and are shown to admit a Regge trajectory behavior with corrections that depend on mass of the particles. In section 4 we analyze the Regge trajectories of mesons from the perspective of the gauge/string duality. We investigate a macroscopic spinning open string configuration, whose endpoints are

– 2 – located at the boundary of the flavor brane. It is shown that one can approximate its configuration with that of two vertical strings stretched between the flavor brane and the “floor” and a horizontal string that stretches along the wall. This classical configuration has a Regge like trajectory which indeed can be mapped into that of the toy model. Finally, in section 5 we comment on the rapport between the toy model and the more recent literature on the phenomenology of mesons.

2. Spinning open strings in confining backgrounds: General setup

Consider a background metric of the form

ds^2 = −g_{00}(U)dt^2 + g_{ii}(U)(dx^i)^2 + g_{UU} dU^2 + · · · , (2.1)

where x^i are the space coordinates associated with the uncompactified worldvolume, U is a radial coordinates and ellipsis stands for additional transverse directions. The metric as well as any other field of the background depend only on the radial direction U.

In [13] it was shown that backgrounds with metric of this form admit an area law behavior, namely confinement, if one of the two conditions is obeyed

g_{00}g_{ii}(U) has a minimum at quadU = U_{min} and g_{00}g_{ii}(U_{min}) > 0 , (2.2) g_{00}g_{UU} |_{U=UΛ} → ∞ and g_{00}g_{ii}(U_Λ ) > 0 . (2.3)

Backgrounds that obey the first condition are for instance the KS and the MN backgrounds and their non-supersymmetric deformations. For the metric of the AdS_5 ×S^5 black hole and its non extremal D_p analogs the second condition is obeyed. In both cases the string that associates with the Wilson line stretches vertically from the boundary to the “wall”( or “end of space” or “floor”) where it stretches horizontally and then up vertically to the boundary. In the horizontal segment the string is in fact that of a flat space time and hence the area law behavior. We will see belove that the condition of having a spinning string with a constant radial coordinate will be similar to those of having confining Wilson loop, and the string will spin along the “wall”.

Since we have in mind addressing spinning strings, it is convenient to describe the space part of the metric as dx^2_i = dR^2 + R^2dθ^2 + dx^2_3 , (2.4)

where x_3 is the direction perpendicular to the plan of rotation. The classical equations of motion of a bosonic string defined on this background can be formulated on equal footing in the NG formulation or the Polyakov action. Let us use now the latter. The equations of motion associated with the variation of t, θ, R and U respectively are

∂_α (g_{00}∂^α t) = 0 ∂_α (g_{ii}R^2∂^α θ) = 0 ∂_α (g_{ii}∂^α R) − g_{ii}R∂_α θ∂^α θ = 0

2∂_α (g_{UU} ∂^α U) + dg_{00} dU ∂_α t∂^α t − dg_{ii} dU ∂_α x^i∂^α x^i − dg_{UU} dU ∂_α u∂^α u = 0 , (2.5)

– 3 – where α denotes the worldsheet coordinates τ and σ. In addition in the Polyakov formulation one has to add the Virasoro constraint

−g_{00}(∂_± t)^2 + g_{ii}(∂_± x^i)^2 + g_{UU} (∂_± U)^2 + · · · = 0 , (2.6)

where ∂_± = ∂_τ ± ∂_σ and ... stands for the contribution to the Virasoro constraint of the rest of the background metric.

Next we would like to find solutions of the equations of motion which describe strings spinning in space-time. For that purpose we take the following ansatz

t = τ θ = ωτ R(στ) = R(σ) U = Û = constant . (2.7)

It is obvious that this ansatz solves the first two equations. The third equation together with the Virasoro constraint is solved ( for the case that g_{00} = g_{ii}) by R = Acos(ωσ)+Bsin(ωσ) with ω^2(A^2+B^2) = 1. The boundary conditions we want to impose will select the particular combination of A and B. Let us now investigate the equation of motion associated with U and for the particular ansatz U = Û. This can be a solution only provided dg_{00} dU |_{U=Û} = 0 dg_{ii} dU |_{U=Û} = 0 . (2.8)

This is just the first condition for having a confining background. The condition g_{00}g_{ii}(Û) > 0 insures that the Virasoro constraint is obeyed in a non trivial manner. In [1] spinning strings in the KS and MN models, which belong to this class of confining backgrounds, were analyzed.

In the background that we will employ in the present paper, the near extremal D4 brane, one direction is along an S^1 and there is no five dimensional Lorentz invariance. The direction along the S^1 denoted by ψ has a metric which is related to that of the U direction as follows g_{ψψ} = [g_{UU} ]^{−1} . Thus the condition of having a solution of the equation of motion with U = Û includes the condition dg_{ψψ} dU |_{U=Û} = −

dg_{UU} dU g^2_{UU}

|_{U=Û} = 0 . (2.9)

This condition is obeyed if at U = Û g_{UU} (Û) → ∞ which is the second condition for a confining background (2.2) with Û = U_Λ , and again with the the demand of non-vanishing g_{00}g_{ii}(Û) > 0 to have a non-trivial Virasoro constraint. The left over part of the equation of motion (2.8) will be shown to be obeyed in section 4 by transforming the radial coordinate to a coordinate that measures the distance from U_Λ .

To summarize, we have just realized that there is a close relation between the conditions of having area law Wilson loop and of having a spinning string configuration at a constant radial coordinate.

3. A toy model of the meson

Prior to analyzing the string configuration that describes a meson, let first review a toy model that consists of of two massive, relativistic particles connected by a string (see figure 1).

– 4 –

Such models were proposed in the past as an effective de-

Figure 1: The toy model.

scription of mesons [15, 16, 18]. However, the reason we address them here is that they are intimately related to the stringy meson associated with a confining background, as we will show in the next section.

Consider the flat space-time NG action of an open string combined with the action of two relativistic particles of equal mass m attached to the endpoints of the string.

S = −T ∫ dτ ∫ π_2

−^π_2 dσ √ −[( ṫ)^2 − Ṙ^2 − R^2θ̇^2][(t^′)^2 −R^{′2} −R^2θ^{′2}]+[−ṫt^′ +ṘR^′ +R^2θ̇θ^′]^2 − − m ∫ dτ √ −[( ṫ)^2 − Ṙ^2 − R^2θ̇^2]|_{σ=−} π_2 − m ∫ dτ √ −[( ṫ)^2 − Ṙ^2 − R^2θ̇^2]|_{σ=} π_2 , (3.1)

where the metric was taken to be ds^2 = −dt^2+dR^2+R^2dθ^2 is the space-time metric relevant to the rotating string, T is the effective string tension m is the mass of the particles, the world volume coordinate σ is defined in the interval [−^π_2 ,^π_2 ] and Ȧ and A^′ denote derivatives with respect to τ and σ respectively.

Note that in the string part of the action X^0, R and θ are a priori functions of σ and τ and in the particle only of τ. Moreover, due to the reflection symmetry of the problem, we take that the values of t, R and θ at σ equal those of t, R and θ at −σ. Next we discuss the equations of motion. Due to the fact that there are particle actions at the end points of the interval of σ, the equations of motion of x^μ will include a bulk equation and a surface one as can be see from the following variation

δS = −T ∫ dτ ∫ π_2

−^π_2 dσ [ ∂L_s ∂X^μ

− ∂_α [ ∂L_s ∂_α X^μ ]] δX^μ (σ, τ) + + ∫ dτ [ T ∂L_s ∂_σ X^μ δX^μ (σ, τ)|_{σ=−} π_2 − m [ ∂_τ [ ∂L_p ∂_τ X^μ ] − ∂L_p ∂X^μ ] δX^μ (τ) ] − − ∫ dτ [ T ∂L_s ∂_σ X^μ δX^μ (σ, τ)|_{σ=} π_2 − m [ ∂_τ [ ∂L_p ∂_τ X^μ ] − ∂L_p ∂X^μ ] δX^μ (τ) ] . (3.2)

Thus the equations of motion are

∂L_s ∂X^μ

− ∂_α [ ∂L_s ∂_α X^μ ] = 0 , T ∂L_s ∂_σ X^μ

|_{σ=−} π_2 − m∂_τ [ ∂L_p ∂_τ X^μ ] + m ∂L_p ∂X^μ

= 0 , T ∂L_s ∂_σ X^μ

|_{σ=} π_2 − m∂_τ [ ∂L_p ∂_τ X^μ ] + m ∂L_p ∂X^μ

= 0 . (3.3)

We now look for spinning configurations based on the following ansatz (2.7)

t = τ , θ = ωτ , R(τ, σ) = R(σ) . (3.4)

– 5 –

For this type of ansatz the bulk equations of motion are

∂_τ ( R^′(σ) √ 1 − ω^2R^2(σ) ) = 0 ,

∂_τ ( ωR^′(σ) √ 1 − ω^2R^2(σ) ) = 0 ,

∂_σ (√ 1 − ω^2R^2(σ) ) + ω^2RR^′(σ) √ 1 − ω^2R^2(σ)

= 0 . (3.5)

The first and second equations are trivially obeyed. The third equation is obeyed in fact for any R(σ). The particular form of it depends on the boundary conditions that one wants to impose. For instance, for the closed string, requiring the periodicity R(σ) = R(σ + 2π), where the range of σ is taken to be (0, 2π), is compatible with a solution of the form R =^1_ω cos(σ). Or, for the case of rotation Wilson line one imposes R(0) = 0 and R(π) = L and the corresponding solution R = Lsin(σ/4).

In the present case the boundary conditions will be determined by the surface equations of motions. In fact the surface equations for t and θ are trivial, and only the equations for R constrain the solutions. The latter reads T ( ∂L_s ∂R^′ ) | | R=R_0 + m ( ∂L_p ∂R ) = 0 ,

which implies T √ 1 − ω^2R^2_0 = m

R_0ω^2 √ 1 − ω^2R^2_0

, (3.6)

where R_0 ≡ R(−π/2) = R(π/2). This expression enables us to determine ω in terms of R_0 or vice-versa. For the case of m = 0, namely without the action of the particles, the surface term of the string action should vanish. Note that the same relation can be derived by minimizing the action with respect to R_0.

Next we want to find the energy and the angular momentum of the system. Starting with the action 3.1 the energy and angular momentum are given by

E = T

∫ π_2 π 2 dσ ṫ √ [(t^′)^2 − R^{′2} − R^2θ^{′2}] √ −[( ṫ)^2 − Ṙ^2 − R^2θ̇^2] + m ṫ √ −[( ṫ)^2 − Ṙ^2 − R^2θ̇^2]

|_{σ=−π/2,π/2}

= 2T

∫_{R0} 0 dR 1 √ 1 − ω^2R^2(σ)

+ 2m 1 √ 1 − ω^2R^2_0 = 2 T ω arcsin(ωR_0) + 2m 1 √ 1 − ω^2R^2_0

J = T

∫ π_2 π 2 dσ R^2θ̇ √ [(t^′)^2 − R^{′2} − R^2θ^{′2}] √ −[( ṫ)^2 − Ṙ^2 − R^2θ̇^2] + m R^2_0θ̇ √ −[( ṫ)^2 − Ṙ^2 − R^2θ̇^2]

|_{σ=−π/2,π/2}

= 2T ω

∫_{R0} 0 dR R^2 √ 1 − ω^2R^2(σ)

+ 2m

R^2_0ω √ 1 − ω^2R^2_0 = T ω^2 [ arcsin(ωR_0) − ωR_0 √ 1 − ω^2R^2(σ) ] + 2m ωR^2_0 √ 1 − ω^2R^2_0 .

– 6 –

So we can summarize the results as follows

E = 2 T ω [ arcsin(ωR_0) + 2 √ m T R ] , J = T ω^2 [ arcsin(ωR_0) + 3(ωR_0)^2 √ m T R_0 ] . (3.7)

Obviously for m = 0 we are back to the standard linear Regge trajectory. It is straightforward to generalize the case of a string with equal masses at his endpoints to the case where at each endpoint there are two different masses. In this case we get two ”sewing” conditions instead of (3.6) and there will be contributions to the energy and J from the two masses expressed in terms of two separation distances.

In the next section the relation between this toy model and the stringy meson will be made clear by deriving a similar relation between J and E.

4. The meson as a rotating string

In this section we derive the Regge trajectory of a meson with large spin, from the perspective of the gauge/string duality. For specificity the background we consider is the supergravity background of a large number N_c of D4 branes compactified on a thermal circle. By adding N_f ≪ N_c D6 probe branes (by probe we mean that we ignore the backreaction of the D6 branes), this geometry becomes the holographic dual of 4 dimensional large-N_c QCD, with N_f flavors plus KK modes. Without loss of generality we restrict in the following to the case when N_f = 1. A meson with large spin will correspond to an open spinning string string in the supergravity background sourced by the the non-extremal D4 branes in the decoupling limit

ds^2 =

U^{3/2} R_{D4}3/2

(dX^μ dX^ν η_{μν} + f(U)dψ^2) + K(U)(dρ^2 + ρ^2dΩ^2_4) , (4.1)

where

f(U) = 1 −

U_Λ^3 U^3 , U(ρ) = ( ρ^{3/2} +

U^3_Λ 4ρ^{3/2}

)_{2/3} , K(U) = R_{D4}^{3/2}U^{1/2}ρ^{−2} . (4.2)

The coordinate ψ parametrizes the thermal circle on which the D4 branes are compactified, and X^μ with μ = 0, 1, 2, 3 are coordinates in the remaining 4 non-compact directions along the D4 branes. The endpoints of this macroscopic string are located on the D6 probe brane which extends in the ρ direction from the boundary ρ = ∞ to ρ = ρ_f .

More precisely, the D6 probe spans the same 4 non-compact directions X^μ as the D4 branes, plus 3 other non-compact directions in the transverse space to the D4, λ^i, i = 1, 2, 3:

ds_5^2 = dρ^2 + ρ^2dΩ_4^2 = dλ^idλ^i + dr^2 + r^2dϕ^2 = dλ^2 + λ^2dΩ^2 + dr^2 + r^2dϕ^2 . (4.3)

– 7 –

Figure 2: String ending on the probe D6.

Solving the equations of motion derived from the Born-Infeld action [10], the D6 probe profile r = r(λ), ϕ =constant is described by the equation d dλ [( 1 + U_Λ^3 4ρ^3

)_2

λ^2 dr/dλ √ 1 + (dr/dλ)^2 ] = − 3 2 U_Λ^3 ρ^5 ( 1 + U_Λ^3 4ρ^3 ) λ^2 dr/dλ √ 1 + (dr/dλ)^2

. (4.4)

Due to the non-trivial profile of the D6 brane, the U_A(1) symmetry is spontaneously broken and the quark condensate ⟨q̄q⟩ acquires a vev. Asymptotically this symmetry is restored, r = constant +^c_λ and c is related to the quark condensate [10].

In terms of the extent of the D6 brane probe in the 5 dimensional space transverse to the D4 branes, we have ρ^2_{D6} = r(λ)^2 + λ^2. Thus, as advertised, the D6 stretches in the ρ directions from ρ_f at λ = 0^1 to ∞ at λ → ∞.

We now return to the description of a meson of dynamical quarks as a rotating open string whose endpoints lie on the D6 probe. We begin with the ansatz

X^0 = eτ , θ = eωτ , R = R(σ) , r = r(σ) , λ = λ(σ) , (4.5)

where we parametrized the 4d non-compact space on the worldvolume of the non-extremal D4 branes by dX^μ dX_μ = −(dX^0)^2 + dR^2 + R^2dθ^2 + (dX^3)^2 . (4.6)

The boundary conditions corresponding to this configuration are Neumann in the directions parallel with the D6 brane, and Dirichlet in the directions transverse to the brane: ( ∂_σ X^0 = ∂_σ θ = ∂_σ R = ∂_σ λ ) | | |_{σ=0,π} = 0 ,

r(σ) = r(λ(σ)) | | |_{σ=−π/2,π/2} . (4.7)

Notice that the boundary conditions are trivially satisfied in the X^0 and θ coordinates. Plugging this ansatz in the NG action we search for a solution characterized by λ = constant. The equation of motion associated with λ

∂_σ ( K √ (U/R_{D4})^{3/2}(∂_τ X^{02} − R^2∂_τ θ^2) √ (U/R_{D4})^{3/2}∂_σ R^2 + K(∂_σ r^2 + ∂_σ λ^2)

∂_σ λ ) =

= λ ρ d dρ √( U R_{D4}

)_{3/2}

(∂_τ X^{02} − R^2∂_τ θ^2) (( U R_{D4}

)_{3/2} ∂_σ R^2 + K(∂_σ r^2 + ∂_σ λ^2) ) ,

1It is easy to see that dρ/dλ = 2(λ + r(dr/dλ)) = 0 at λ = 0.

– 8 – is trivially satisfied for λ = 0. The picture that transpires out of this analysis is that of a spinning open string whose endpoints are located at the termination point of the D6 brane in the ρ direction.

Adding λ = 0 to the ansatz (4.5), the NG action reads:

S = −T_s ∫ dσdτ ( U R_{D4}

)_{3/2}

(∂_τ X^{02} − R^2∂_τ θ^2) ( ( U R_{D4}

)_{3/2} ∂_σ R^2 + K∂_σ ρ^2 ) , (4.8)

where we used that for λ = 0 we have r = ρ_{D6}. From the variational principle

0 = δS = Z dσdτδR " −∂_σ 0 B @ (U/R_{D4})^{3/2}∂_σ R q (∂_τ X^{02} − R^2∂_τ θ^2)(U/R_{D4})^{3/2} q (U/R_{D4})^{3/2}∂_σ R^2 + K∂_σ ρ^2

1 C A −

− R∂_τ θ^2 q (U/R_{D4})^{3/2}((U/R_{D4})^{3/2}∂_σ R^2 + K∂_σ ρ^2) √ ∂_τ X^{02} + R^2∂_τ θ^2 # +

+ Z dσdτδρ " −∂_σ 0 B @ K∂_σ ρ q (∂_τ X^{02} − R^2∂_τ θ^2)(U/R_{D4})^{3/2} q (U/R_{D4})^{3/2}∂_σ R^2 + K∂_σ ρ^2

1 C A +

+ √ ∂_τ X^{02} −R^2∂_τ θ^2(3^{dU}_{dρ} R^{−1}_{D4}((U/R_{D4})^2∂_σ R^2 +1/2(U/R_{D4})^{1/2}K∂_σ ρ^2)+(U/R_{D4})^{3/2dK}_{dρ} ∂_σ ρ^2) 2 q (U/R_{D4})^{3/2}((U/R_{D4})^{3/2}∂_σ R^2 +K∂_σ ρ^2) # −

− Z dσdτ δX^0∂_τ

∂_τ X^0 q (U/R_{D4})^{3/2}((U/R_{D4})^{3/2}∂_σ R^2 + K∂_σ ρ^2) √ ∂_τ X^{02} − R^2∂_τ θ^2 ! +

+ Z dσdτ δθ∂_τ

R^2∂_τ θ q (/R_{D4})U^{3/2}((U/R_{D4})^{3/2}∂_σ R^2 + K∂_σ ρ^2) √ ∂_τ X^{02} − R^2∂_τ θ^2 ! +

+ Z dτδR

(U/R_{D4})^{3/2}∂_σ R q (∂_τ X^{02} − R^2∂_τ θ^2)(U/R_{D4})^{3/2} q (U/R_{D4})^{3/2}∂_σ R^2 + K∂_σ ρ^2 ˛ ˛ ˛ σ=π/2

σ=−π/2 +

+ Z dτδρ

K∂_σ ρ q (∂_τ X^{02} − R^2∂_τ θ^2)(U/R_{D4})^{3/2} q (U/R_{D4})^{3/2}∂_σ R^2 + K∂_σ ρ^2 ˛ ˛ ˛ σ=π/2

σ=−π/2

, (4.9)

we extract the equations of motion and boundary conditions. As we have already mentioned, we impose Dirichlet boundary conditions in ρ and Neumann boundary conditions in R. Combining these two conditions into a single one we find that the string ends transversely to the probe brane, i.e. dρ/dR = dρ/dσ · dσ/dR = ∞ at the endpoints of the string.

The equation of motion derived from the NG action is d dR UEρ̇ ρ^2 √ UR^{−3}_{D4} +^{ρ̇2}_{ρ2}

= dU dρ E √ UR^{−3}_{D4} +^{ρ̇2}_{ρ2} ( 3 2 UR^{−3}_{D4} + ρ̇^2 ρ^2 ) − ρ̇^2UE ρ^3 √ UR^{−3}_{D4} +^{ρ̇2}_{ρ2}

, (4.10)

where we have introduced the notation E = √ e^2 − (eω)^2R^2 , (4.11)

and dots represent R-derivatives.

– 9 –

Given that the NG action (4.8) is invariant under shifts is X^0 and θ, we extract the associated conserved charges, namely the energy

E = T_s ∫ dR e √ (U/R_{D4})^{3/2} + Kρ̇^2 E ( U R_{D4}

)_{3/4} , (4.12)

and the angular momentum

J = T_s ∫ dR eωR^2 √ (U/R_{D4})^{3/2} + Kρ̇^2 E ( U R_{D4}

)_{3/4}

. (4.13)

We distinguish two region of interest spanned by the open string:

• Region I, characterized by ρ̇ → ∞, and

• Region II, characterized by ρ̇ → 0.

In the limit where the separation between the endpoints of the string is large, the vertical Region I and the horizontal Region II represent a good approximation to the shape of the string. However, we should point out that the separation distance is not a fixed parameter, rather it is a dynamical variable, and we will soon relate it to the external parameters of the problem: ω and ρ_f .

Region I can be viewed as extending from ρ_f , the location of the brane probe, to ρ_Λ , which is the end of space, at a fixed value of R which we denote by ±R_0. Region II is the horizontal piece of the string, with the string extending from −R_0 to R_0 at fixed ρ.

Given that we introduced an additional quantity, namely the separation between the endpoints 2R_0, and we decomposed the profile of the string into two regions, we must re-investigate the way the variational principle is satisfied. In (4.9) we notice that there is a surviving boundary term from Region II and a bulk term from Region I ∫ dτδR

(U/R_{D4})^{3/2}∂_σ R √ (∂_τ X^{02} − R^2∂_τ θ^2)(U/R_{D4})^{3/2} √ (U/R_{D4})^{3/2}∂_σ R^2 + K∂_σ ρ^2 | | | σ=α σ=−α

− (4.14) − ( ∫_{σ=−α}

σ=−π/2 + ∫_{σ=π/2} σ=α ) dσdτδR

R∂_τ θ^2 √ (U/R_{D4})^{3/2}((U/R_{D4})^{3/2}∂_σ R^2 + K∂_σ ρ^2) √ ∂_τ X^{02} − R^2∂_τ θ^2 , where Region II corresponds to σ ∈ (−α, α) and Region I to σ ∈ (−π/2, −α), σ ∈ (α, π/2). Substituting the solution to the equations of motion into these terms we end up with ∫ dτδR √ 1 − ω^2R^2_0(U_Λ /R_{D4})^{3/2} − ω^2R_0 √ 1 − ω^2R^2_0 ∫ dτ ∫_{ρf}

ρ_Λ

dρδR

U(ρ) ρ . (4.15)

The only way we can achieve cancellation is by requiring δR(ρ, τ) = δR(τ) for ρ ∈ (ρ_Λ , ρ_f ) and by enforcing 1 − ω^2R^2_0 = ω^2R_0 1 (U_Λ /R_{D4})^{3/2}

∫_{ρf}

ρ_Λ dρ U(ρ) ρ . (4.16)

By recognizing on the rhs the mass of the dynamical quarks

m_q = T_s

∫_{ρΛ}

ρ_f dρ √ g_{00}g_{ρρ} = T_s

∫_{ρΛ}

ρ_f dρ U ρ (4.17)

– 10 – we found the desired relation between the separation distance, angular velocity and the mass of the quarks m_q (which is determined as a function of the position of the flavor brane ρ_f ). As expected, having the string endpoints moving at the speed of light requires m_q = 0.

Let us analyze in detail the equations of motion.

• Region I: the equation of motion is satisfied to leading order, as we can see from d dR ( UE ρ ) = ( dU dρ − U ρ ) E ρ̇ ρ . (4.18)

Substituting (4.2) it is easy to check that the lhs becomes precisely equal to the r.h.s. Assuming an almost rectangular shape, this region can be extended all the way to the end of space where the string flattens. In terms of ρ the end of space is marked by ρ_Λ = (^1_2 )^{2/3}U_Λ .

The contributions to the energy and angular momentum are

E_I = T_s

∫_{ρf}

ρ_Λ dρ e √ U^{3/2}(dR/dρ)^2 + K E (U/R_{D4})^{3/4} = eT_s E | | |_{R=−R 0,R0} ∫ dρ U ρ (4.19)

J_I = T_s eωR^2 E | | |_{R=−L/2,L/2} ∫ dρ U ρ . (4.20)

Using that that the mass of the dynamical quarks is given by (4.17), we find the the energy and angular momentum contribution coming from the vertical regions of the Wilson loop reproduce the energy and angular momentum of relativistic spinning particles:

E_I =

2m_q √ 1 − ω^2R^2_0

, J_I =

2m_qωR_0^2 √ 1 − ω^2R^2_0

. (4.21)

• Region II: as mentioned before, in this region the string is almost flat in the ρ direction. We notice that this can happen only for ρ = ρ_Λ , since from the equation of motion we find d dR ( √ UEρ̇ ρ^2 ) = 3 2 √ U dU dρ R^{−3}_{D4} E. (4.22)

In the limit we are interested (ρ̇ → 0), this becomes ρ̈ ρ^2 E + Ėρ̇ ρ^2 = 3 2 dU dρ R^{−3}_{D4} E. (4.23)

The l.h.s. vanishes for constant ρ so we require that the rhs vanishes too. This is indeed the case for ρ = ρ_Λ , because dU/dρ|_{ρΛ} = 0. The energy and angular momentum contributions of this region

E_{II} = T_s

∫_{R0}

−R_0 dR e √ U^{3/2} + Kρ̇^2 E ( U R_{D4}

)_{3/4}

– 11 –

= T_s ( U_Λ R_{D4}

)_{3/2} 2 ω arcsin(ωR_0) (4.24)

J_{II} = T_s

∫_{R0}

−R_0

dR eωR^2 e √ U^{3/2} + Kρ̇^2 E U^{3/4}

= T_s ( U_Λ R_{D4}

)_{3/2} 1 ω^2 ( arcsin(ωR_0) − ωR_0 √ 1 − ω^2R_0^2 ) (4.25)

are those of an open string spinning in flat space, but with the string tension rescaled by (U_Λ /R_{D4})^{3/2} to the value of the gauge theory quark-antiquark flux tube string tension T_g = T_s(U_Λ /R_{D4})^{3/2}.

Gathering all the terms, the energy and angular momentum of our Wilson loop are

E = T_g 2 ω arcsin(ωR_0) +

2m_q √ 1 − ω^2R^2_0

(4.26)

J = T_g 1 ω^2 ( arcsin(ωR_0) − ωR_0 √ 1 − ω^2R_0^2 ) + 2m_qωR_0^2 √ 1 − ω^2R^2_0

. (4.27)

Making use of the “sewing” condition (4.16), which we can now rewrite as

1 − ω^2R^2_0 = ω^2R_0m_q

T_g

, (4.28)

in order to eliminate the dependence on one of the parameters ω and R_0, we find that the energy and angular momentum are given by: E = 2T_g ω ( arcsin x + 1 x √ 1 − x^2 ) , J = T_g ω^2 ( arcsin x + 3 2 x √ 1 − x^2 ) , (4.29)

where x = ωR_0 is the speed of the endpoints of the string.

We have thus re-discovered that the stringy meson picture coincides with the toy model discussed in section 3. In the limit when m_q → 0, that is when the ends of the string are massless we recover a linear Regge trajectory when the endpoints of the string move at the speed of light x → 1. More precisely, keeping the first two sub-leading terms in m_q/E we find corrections to the linear Regge trajectories of the form J = 1 πT_g

E^2 ( 1 + √ 2 √ π ( m_q E )_{1/2} − π − 1 π m_q E + · · · ) . (4.30)

It is interesting to consider the opposite limit, that is, x → 0 J = 2m^{1/2}_q

T_g

(E − 2m_q)^{3/2} − 11 12 1 m^{1/2}_q T_g

(E − 2m_q)^{5/2} + 163 144 1 T_gm^{3/2}_q

(E − 2m_q)^{7/2} . (4.31)

The above expression is to be understood as correction to the Regge trajectory for mesons with quark masses m_q in the energy regime where E ≈ 2m_q.

– 12 –

It is also possible to view the corrections in terms of the ratio of the static energy of the massive of the quarks to the energy of the static string, that is, m_q/T_gR_0. The correspondent expressions are: E = 2m_q √ 1 + q q ( arcsin 1 √ 1 + q + √ q ) , (4.32) J = m^2_q(1 + q) T_gq^2 ( arcsin 1 √ 1 + q + 3 2 √ q 1 + q ) , (4.33)

where q = m_q T_gR_0

. (4.34)

The limit q → 0 corresponds to the Regge regime whereas the limit q → ∞ corresponds to the case of non-relativistic motion.

5. Regge phenomenology

It is remarkable that the Regge trajectory (J, E^2) arising from a classical macroscopic open string spinning in the non-extremal D4 geometry and ending on a probe D6 brane coincides with a known phenomenological model. Namely, the toy model reviewed in section 3. It is therefore incumbent upon us to revisit the status of this model in the phenomenology literature.

One particular observation is that the Regge trajectories of mesons are non-linear, with the non-linearity the more pronounced the heavier the masses of the constituent quarks. The trajectories for mesons composed of light quarks are essentially linear, with a universal value of the slope α^′ ≈ 0.85 GeV^{−2} . This class of light-quark mesons includes, for example, the trajectories of the ρ, K^∗, π^0 and ω. The slope of the Regge trajectories of heavy-quark mesons varies along the trajectory, from a smaller slope for the lightest states within the trajectory (it is ≈ 0.5 GeV^{−2} for cc̄), to the same universal slope for the highest states.

To exemplify the nonlinearity, we have included the bb̄ trajectory displayed in figure 3 which is obtained from [21]. The latter paper employs a quark-antiquark effective potential derived from lattice QCD [22]. Since for bb̄ and cc̄ mesons the experimental data regarding resonances with spin higher than 1 are scarce, the trajectory in figure 3 is the result of a lattice analysis. Similar conclusions about the Regge trajectory can be drawn for charmonium [20] and other heavy-quark mesons [19].

Notice that the same flattening of the Regge trajectory for the lowest states within the trajectory can be inferred from plotting (J, E^2) from (4.29), as it can be seen from figure 4.

Thus, the Regge trajectory extracted from the naive toy model qualitatively captures various aspects of realistic heavy-quark meson trajectories.

The string derivation of the Regge trajectory (4.29) explains why the highest states within any meson trajectory end up with the same universal slope. The answer is beautiful and geometrical: the universal slope corresponds to the rescaled string tension of the portion of the string that spins closed to the confining wall, that is, closed to U_Λ in figure 2. This tension T_g is clearly universal and independent on the position of the probe branes, hence independent on the flavor of the quarks.

– 13 –

Figure 3: The bottomonium trajectory [22, 21].

Figure 4: A parametric plot of (4.29) for x → 1 shows similarity with the bottomonium trajectory.

Recently, Wilczek and collaborators [17, 23] have developed an extremely successful approach to the phenomenology of mesons and baryons. Their model includes, as an essential tool, the mass-loaded version of the Chew-Frautschi model, which is precisely the effective Regge trajectory we obtained in this paper. It would be interesting to approach other aspects of their model from our fundamental point of view and hopefully provide a derivation from the string model point of view of this phenomenological model.

– 14 –

Acknowledgments

We thank R. Akhoury, O. Aharony and T. Wang for comments and suggestions. We are particularly grateful to C. Núñez and A. Ramallo for a very detailed reading of the first version of the manuscript and various comments. M.K. is grateful to R. Myers and D. Mateos for related discussions and would like to thank the MCTP for hospitality during the initial stages of this work. L.P.Z, J.S. and D.V. thank KITP for hospitality during the late stages of this project, our work at KITP was supported by an NSF grant. J.S. would also like to thank the Department of Physics of the University of Texas, Austin, where part of this work was done. M.K. is supported in part by NSF under grant PHY-0331516 and by DOE under grant DE-FG02-92ER40706 and a DOE Outstanding Junior Investigator Award. L.P.Z. and D.V. are supported in part by the US Department of Energy under grant DE-FG02-95ER40899. The work of J.S. was supported in part by the German Israeli Foundation.

References

[1] L.A. Pando Zayas, J. Sonnenschein and D. Vaman, Regge trajectories revisited in the gauge/string correspondence, Nucl. Phys. B 682 (2004) 3 [hep-th/0311190].

[2] H.B. Meyer and M.J. Teper, Glueball Regge trajectories and the pomeron: a lattice study, Phys. Lett. B 605 (2005) 344 [hep-ph/0409183].

[3] E. Witten, Anti-de Sitter space, thermal phase transition and confinement in gauge theories, Adv. Theor. Math. Phys. 2 (1998) 505 [hep-th/9803131].

[4] A. Brandhuber, N. Itzhaki, J. Sonnenschein and S. Yankielowicz, Wilson loops, confinement and phase transitions in large-N gauge theories from supergravity, JHEP 06 (1998) 001 [hep-th/9803263].

[5] S.J. Rey and J.T. Yee, Macroscopic strings as heavy quarks in large-N gauge theory and anti-de Sitter supergravity, Eur. Phys. J. C 22 (2001) 379 [hep-th/9803001]; J.M. Maldacena, Wilson loops in large-N field theories, Phys. Rev. Lett. 80 (1998) 4859 [hep-th/9803002].

[6] F. Bigazzi, A.L. Cotrone, L. Martucci and L.A. Pando Zayas, Wilson loop, Regge trajectory and hadron masses in a Yang-Mills theory from semiclassical strings, Phys. Rev. D 71 (2005) 066002 [hep-th/0409205].

[7] A. Karch and E. Katz, Adding flavor to AdS/CFT, JHEP 06 (2002) 043 [hep-th/0205236].

[8] M. Kruczenski, D. Mateos, R.C. Myers and D.J. Winters, Meson spectroscopy in AdS/CFT with flavour, JHEP 07 (2003) 049 [hep-th/0304032].

[9] T. Sakai and J. Sonnenschein, Probing flavored mesons of confining gauge theories by supergravity, JHEP 09 (2003) 047 [hep-th/0305049].

[10] M. Kruczenski, D. Mateos, R.C. Myers and D.J. Winters, Towards a holographic dual of large-N_c QCD, JHEP 05 (2004) 041 [hep-th/0311270].

[11] B.A. Burrington, J.T. Liu, L.A. Pando Zayas and D. Vaman, Holographic duals of flavored N = 1 super Yang-Mills: beyond the probe approximation, JHEP 02 (2005) 022 [hep-th/0406207].

– 15 –

[12] S.A. Cherkis and A. Hashimoto, Supergravity solution of intersecting branes and AdS/CFT with flavor, JHEP 11 (2002) 036 [hep-th/0210105];

J. Babington, J. Erdmenger, N.J. Evans, Z. Guralnik and I. Kirsch, Chiral symmetry breaking and pions in non-supersymmetric gauge/gravity duals, Phys. Rev. D 69 (2004) 066007 [hep-th/0306018];

N.J. Evans and J.P. Shock, Chiral dynamics from AdS space, Phys. Rev. D 70 (2004) 046002 [hep-th/0403279];

J. Erdmenger and I. Kirsch, Mesons in gauge/gravity dual with large number of fundamental fields, JHEP 12 (2004) 025 [hep-th/0408113];

C. Núñez, A. Paredes and A.V. Ramallo, Flavoring the gravity dual of N = 1 Yang-Mills with probes, JHEP 12 (2003) 024 [hep-th/0311201];

G.F. de Teramond and S.J. Brodsky, Baryonic states in QCD from gauge / string duality at large-N_c, hep-th/0409074.

[13] Y. Kinar, E. Schreiber and J. Sonnenschein, Q anti-Q potential from strings in curved spacetime: classical results, Nucl. Phys. B 566 (2000) 103 [hep-th/9811192].

[14] A. Chodos and C.B. Thorn, Making the massless string massive, Nucl. Phys. B 72 (1974) 509.

[15] M. Ida, Relativistic motion of massive quarks joined by a massless string, Prog. Theor. Phys.

59 (1978) 1661.

[16] B.M. Barbashov and V.V. Nesterenko, Introduction to the relativistic string theory, World Scientific, 1990, SPIRES entry.

[17] F. Wilczek, Diquarks as inspiration and as objects, hep-ph/0409168.

[18] L. Burakovsky, String model for analytic nonlinear Regge trajectories, hep-ph/9904322.

[19] L. Burakovsky, T. Goldman and L.P. Horwitz, New mass relations for heavy quarkonia, Phys.

Rev. D 56 (1997) 7119 [hep-ph/9704440].

[20] A. Zhang, Regge trajectories analysis to D ∗ /sJ(2317) + −, D/sJ(2460) + − and D/sJ(2632)+ mesons, hep-ph/0408124.

[21] M.M. Brisudova, L. Burakovsky and T. Goldman, Effective functional form of Regge trajectories, Phys. Rev. D 61 (2000) 054013 [hep-ph/9906293].

[22] K.D. Born, E. Laermann, N. Pirch, T.F. Walsh and P.M. Zerwas, Hadron properties in lattice QCD with dynamical fermions, Phys. Rev. D 40 (1989) 1653.

[23] R. Jaffe and F. Wilczek, Quarks, diquarks and pentaquarks, Phys. World 17 (2004) 25.

– 16 –